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Why are PDEs so ubiquitous?
❖ Much easier to write down 

relationships than solutions.

❖
Ex)   . 

 
 

❖ Heavily linked to geometry!

❖ Important relationships 
expressed as PDEs.

I = ∫
b

a
L(t, q(t), ·q(t))

·I = 0 ⟹ ∂tL ·q = Lq

ut − νΔu + (u ⋅ ∇) u + ∇p = 0,
∇ ⋅ u = 0,
u |t=0 = u0,



What is a Riemannian geometry?

❖ “Smooth” manifold  
equipped with “smooth” 
metric .

❖ Local charts cover  and 
“agree on overlaps”.

❖ Example)  
,    

.

M

g

M

X : U ⊂ ℝ2 → ℝ3

g(u, v) = ⟨dX(u), dX(v)⟩



What is a Riemannian geometry?

❖ Metric  determines 
intrinsic behavior 
(curvature, conformal 
structure).

❖ Change in normal 
determines extrinsic 
behavior (shape, 
bending).

g

N



Where do NPDEs meet geometry?

❖ Everywhere!

❖ Ex)  Finding  s.t.  for given functions  .

❖ Ex)  Gauss, Codazzi compatibility equations e.g   .

❖ Ex)  Mean curvature flow  

❖ p-Willmore flow:    

X gij = ⟨Xi, Xj⟩ gij

R̃ijkl = Rijkl + hikhjl − hjkhil

·X = − ΔgX = − 2H N

⟨ ·X, N⟩ = −
p
2

ΔgHp−1 − pHp−1 (2H2 − K) + 2Hp+1
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Modeling p-Willmore Flow

❖
p-Willmore energy:    .

❖ Suppose  is closed.  New variable    
(G. Dziuk, 2012).

❖
Weak definition .

❖ Willmore flow becomes coupled pair of -order 
PDEs for .

𝒲p(X) = ∫M
|H |p dμg

M Y := ΔgX

∫M
Y ⋅ ψ + ⟨dX ⋅ dψ⟩g = 0

2nd

X



Modeling p-Willmore Flow

❖ This trick works for p-
Willmore flows, too.

❖ Developed algorithm for 
p-Willmore flow with 
area/volume constraints.

❖ Conformal regularization 
procedure — keeps mesh 
nice.

❖ Gruber, A. and Aulisa, E. ACM Trans. Graph. (2020)



Trefoil Knot Unwinding



Comparison: p-Willmore

❖ Volume-constrained flows.

❖ Higher p — more rounding 
behavior.

❖ Can show that p > 2 Willmore 
minimizers resemble minimal 
surfaces in some aspects. *

* Gruber, A., Toda M., Tran, H.  Ann. Glob. Anal. Geom. 
(2019).  

* Gruber, A., Pampano, A., Toda, M.  Ann. Mat. Pura. 
Appl. (2021).



Influence of the Constraint

Volume preserving 2-Willmore flow Volume and area preserving 2-Willmore flow



What about the Mesh?
❖ Regularization involves least-

squares conformal mapping

❖ Map    is 
conformal if   .

❖ When  , equiv. to 
 s.t.    

(Kamberov, Pedit, Pinkall 1996).

❖ No explicit reference to 
metric!!  (wrapped in )

f : (M, g) → (N, h)
f*h = e2ϕg

f : M → ℝ3

∃ N ⋆ df = N × df

⋆



Results
❖ Can produce least-

squares conformal 
maps with this 
idea.

❖ Great!  Until the 
need for a point-
wise boundary 
correspondence.

❖ Conformality is 
too restrictive for 
many applications.



Conformal vs. Quasiconformal
❖ Must allow bounded shearing 

distortion.

❖ In quaternionic setting, this means:

❖   (anticonformal/
conformal parts).

❖ Conformal iff Beltrami coefficient
.

❖  is conjugate-dual to the Hopf 
differential  .

df − = μ df +

μ = 0

μ
Q = df +df −

df ± =
1
2 (df ∓ N ⋆ df)



Optimal Teichmuller Mappings
❖ What is the “best” QC map in a given homotopy class? 

❖
Let   where . 

❖ (Strebel 1984)  If    then  contains a unique Teichmuller 
mapping.

❖ TM mappings have constant | | and min-maxed conformality distortion.

H ([ f ]) = inf
h∈[ f ] { inf

C∈M
K (h |M∖C )}, K( f ) =

1 + |μ |∞

1 − |μ |∞

H ([ f ]) < K( f ) [ f ]

μ



Comparison: TM vs. LSCM

❖ Gruber, A. and Aulisa, E. 2021 
(under review)



Computing TM mappings

❖ Minimize 

   

alternatively over  .

❖ 1)  Minimize for    given .

❖ 2)  Compute   .

❖ 3)  Locally adjust , moving it 
toward TM form (next slide) 

❖ Repeat steps 1-3 until convergence.

𝒬𝒞( f ) = ∫M
|df − − μ df + |2 dμg

f, μ

f μ

μ = df − (df +)−1

μ



Why does it work?

❖ Dirichlet energy w.r.t. any metric decomposes into area functional and 
conformal distortion. 
 
 

❖ Can show that  is the conformal part of .

❖ (Metric  induced by QC mapping with BC .)

𝒬𝒞( f ) 𝒟g(μ)( f )

g(μ) μ

𝒟g( f ) = ∫M
|df |2 = ∫M

|df + |2 − |df − |2 + 2∫M
|df − |2 = 𝒜( f ) + 2𝒞𝒟( f )



More Examples



Grid Generation

❖ Important for scientific 
computing.

❖ Standard is to fix divergence, 
curl, and Jacobian 
determinant.

❖ Prescribes local area and 
rotational distortion.

Images from Zhao et al., Uniqueness of Transformations with 
Prescribed Jacobian Determinant and Curl-Vector (2018)



Influence of Jac-det and Curl

❖ Researchers noticed 
Jac-det + curl 
sufficient for 
"numerical 
uniqueness” in 2-D.

❖ Z. Zhou, X. Chen, X. 
X. Cai, and G. Liao 
(2015) conjectured 
this holds in 
dimensions 2 and 3.

Images from Zhao et al., Uniqueness of Transformations with 
Prescribed Jacobian Determinant and Curl-Vector (2018)



Uniqueness Conjecture

❖ Consider    where .

❖ Suppose:

❖    on ,

❖    on ,

❖     on .

❖ Does it follow that    on ?

ϕ, ψ : U ⊂ ℝn → ℝn n = 2, 3

∇ × ϕ = ∇ × ψ U

Jac ϕ = Jac ψ U

ϕ = ψ ∂U

ϕ ≡ ψ U



Dimension Two

❖ Conjecture is true in dimension two. 
    A. Gruber, Bull. Aust. Math. Soc. (in press)

❖ Proof uses tools from Clifford “geometric” algebra.

❖ Generated by symbols { } with relations 
.

❖ (Presentation isomorphic to 2x2 matrices over )

1,e1, e2
e2

1 = e2
2 = 1, J := e1e2 = − e2e1

ℝ

Images:  https://www.euclideanspace.com/maths/algebra/clifford/d2/index.htm

Potential 
Copyright 

Issue

https://www.euclideanspace.com/maths/algebra/clifford/d2/index.htm


Dual immersions
❖ Given immersion 

.

❖ Then,  is 
immersive since 

.

❖ Why do this?  
Converts curl into 
something 
useful…

ϕ : M ⊂ ℝ2 → ℝ2

Jϕ

ker J = 0

ϕ Jϕ

(Pictured mappings not immersive when y=0)



Duality trick

❖ Notice that: 
 

❖ It follows that: 

❖ Gives characteristic polynomial:

J(v ⋅ w) = v ∧ (Jw),
J(v ∧ w) = v ⋅ (Jw) .

det d(Jϕ) = − J ((Jϕ)1 ∧ (Jϕ)2) = (Jϕ1) ⋅ ϕ2 = J (ϕ2 ∧ ϕ1) = Jac ϕ .

tr d(Jϕ) = ∇ ⋅ (Jϕ) = J (∇ ∧ ϕ) = ∇ × ϕ

p(λ) = det(λI − d(Jϕ)) = λ2 − (∇ × ϕ)λ + Jac ϕ



Duality trick

❖ Can compute EWs/EVs!  

❖ Metric is computable, and same as : 
 

❖ Problem is converted to uniqueness given metric and BVs.  

❖ Can show with more argument that this is true.

g

d(Jϕ) ⋅ d(Jϕ) = J dϕ ⋅ J dϕ = dϕ ⋅ dϕ



Consequences
❖ Prescribed curl/Jac-det even better than div/curl in 2-D.

❖ Not that good in 3-D (not surprising), can’t get metric…

❖ Example)   .

❖ .  But… 
 
 

❖ Would be nice to (dis)prove conjecture for n=3.

ϕ = (y z x)⊤, ψ = (y − x z x)⊤

Jac ϕ = Jac ψ = 1, ∇ × ϕ = ∇ × ψ = − (1 1 1)

dϕ ⋅ dϕ = dx2 + dy2 + dz2,
dψ ⋅ dψ = 2dx2 − 2dxdy + dy2 + dz2,
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Approximation of Functions

❖ Often need the value of a measurement 
which is “expensive”.

❖ Ex) DFT observables; infectious disease 
metrics, FEM consequences.

❖ Can depend on many parameters.

❖ Limited data requires informed 
techniques for dimension reduction.

Image:  https://mpas-dev.github.io/ocean/ocean.html

https://mpas-dev.github.io/ocean/ocean.html


Two Broad Approaches

❖ 1)  Data is intrinsically low-
dimensional

❖ DR should look for intrinsic 
features

❖ Clustering, reduced basis 
methods, etc.



Two Broad Approaches

❖ 2)  Low-dim structure is induced 
by external mapping

❖ Structure depends implicitly 
on objective

❖ Ridge regression, active 
manifolds, nonlinear level set 
learning



Extrinsic Approximation

❖ Want to approximate   for large .

❖ Given samples                                        the goal is: 
 
  

❖ Classical methods underparameterized, e.g. least 
squares. 

❖ Naive ANN method highly overparameterized — 
poor generalization ability.

f : U ⊂ ℝn → ℝ n

<latexit sha1_base64="1POKDZtTzN6yGK/XdBKMFNCZgLc="></latexit>

f̃(x) 2 argmin
g2C1(U)

kf(x)� g(x)k22

<latexit sha1_base64="ePHeU5I0xaTCgEDu6XPY4XMFFyY="></latexit>

{xs, f(xs),rf(xs)}s2S

Original by Chabacano - Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=3610704



Extrinsic:  Ridge Regression

• Instead, look for                               
 
where                           is projection operator.

• Good if    is nearly constant on the kernel of  .

• Goal is optimization over  . 

f P

f, P

<latexit sha1_base64="fVMUc733qt5nvH82qjVrzM8cZ48="></latexit>

f̂(x) 2 argmin
g:Rk!R

kf(x)� g(Px)k22

<latexit sha1_base64="0HNgRR7QuhpVExW97UU2sS0CVjM="></latexit>

P : Rn ! Rk

Image by Matthias Scholz: http://www.nlpca.org/pca_principal_component_analysis.html

Potential Copyright Issue



Established Linear Methods

❖ Active Subspaces (P. Constantine 2014): 

❖ Linear reduction through SVD:  

❖ Columns of    give basis of  “most important” directions.

❖ Projection map is a column-wise truncation of  .

U

U

<latexit sha1_base64="YSryczXFO65ckvPpCeQIm6DZJhk="></latexit>

U⌃V =

Z

U
rf(rf)> dµ



Established Linear Methods

❖ AS limited by linearity. 

❖ Prediction of kinetic energy arising  
from parameterized 1-D Burger’s  
equation:

❖ ~20% relative  error despite only 
 2-D reduction. 

ℓ2



Nonlinear Options
❖ Active Manifolds idea of (R. Bridges, A. Gruber et al. 

2019):

❖ Solve                ,   then                       characterizes    on the 
set 

❖ Can compute projection                  by “walking level sets”.

❖ AM works well in low dimensions, or when data is 
readily available.

❖ Main drawback is online cost:  need to solve an ODE 
for each evaluation.

f
<latexit sha1_base64="F+QoSekVKBetxMaYbcVO/uxV1rs="></latexit>

ẋ = rf
<latexit sha1_base64="TCYPXPCEyelDlO+rNttzKpVtNgg="></latexit>

t 7! f(x(t))

<latexit sha1_base64="Ksin6J/Uuk3cGffSdzcDusTgCXw="></latexit>

⇡(y) = t

<latexit sha1_base64="X+AJV0LiapZuzMd3kY82yT3mbjs=">AAACDnicbVC7SgNBFJ31GeMramkzGAJJYdgNopZBG8sIeUE2htnJbDJkdnaZuSuGZb/Axl+xsVDE1trOv3HyKDTxwIXDOfdy7z1eJLgG2/62VlbX1jc2M1vZ7Z3dvf3cwWFTh7GirEFDEaq2RzQTXLIGcBCsHSlGAk+wlje6nvite6Y0D2UdxhHrBmQguc8pASP1cgU38e+SUyct+kU3IDD0/OQhLUKpVHLTXgIul7ie9nJ5u2xPgZeJMyd5NEetl/ty+yGNAyaBCqJ1x7Ej6CZEAaeCpVk31iwidEQGrGOoJAHT3WT6TooLRuljP1SmJOCp+nsiIYHW48AznZOL9aI3Ef/zOjH4l92EyygGJulskR8LDCGeZIP7XDEKYmwIoYqbWzEdEkUomASzJgRn8eVl0qyUnfNy5fYsX72ax5FBx+gEFZGDLlAV3aAaaiCKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr8AfFWm2s=</latexit>

{f�1(f(x(t)))}t2T

R. Bridges, A. Gruber, C. Felder, M. Verma, C. 
Hoff, ICML 2019



Nonlinear Level set Learning
❖ Another idea due to (G. Zhang et al. 2019):

❖ Improved by us: (joint with M. 
Gunzburger, L. Ju, Z. Wang, Y. Teng)

❖ Goal: extend AS to nonlinear maps through 
ANN technology.

❖ Seek invertible transformation 
                                                                          

❖ Splits domain of            into pairs              

❖ Truncating the -domain gives low-
dimensional representation.

z

<latexit sha1_base64="rzyFDxs0CW7qhVCoV1m1MgJiMDo="></latexit>

z = g(x)
<latexit sha1_base64="ut1fu1zg7E6kbZwC1VavTzDASTo="></latexit>

h � g = I
<latexit sha1_base64="sfF/VqXUddOW26+e3mKAPthV9y0=">AAACJXicbVDLSsNAFJ1YH7W+Wl26CQbBVUmKqMuiG5cV7AOaUGYmk3bozCTMTJQS8htudefXuBPBlb/ipM3Cth4YOJxzL+fOQQmjSrvut7VR2dza3qnu1vb2Dw6P6o3jnopTiUkXxyyWAwQVYVSQrqaakUEiCeSIkT6a3hV+/4lIRWPxqGcJCTgcCxpRDLWR/MjHVGIfoWySj+qO23TnsNeJVxIHlOiMGlbFD2OcciI0ZlCpoecmOsig1BQzktf8VJEE4ikck6GhAnKigmx+dG6fGyW0o1iaJ7Q9V/9uZJArNePITHKoJ2rVK8T/vGGqo5sgoyJJNRF4ERSlzNaxXTRgh1QSrNnMEIglNbfaeAIlxNr0tJSCuPmDIM845hyKMDM95UMvyPwiFEWZ4+V5zdTmrZa0TnqtpnfVbD1cOu3bssAqOAVn4AJ44Bq0wT3ogC7AIAEv4BW8We/Wh/VpfS1GN6xy5wQswfr5BTECpPE=</latexit>

f � h
<latexit sha1_base64="DBLON350uhA8DpItQDEhIKzfSSk="></latexit>

(zA, zI)



Important Ingredients

❖ Architecture is RevNet  (Gomez et al. 2017).

❖ Invertible modification of ResNet,                                . 

❖ Loss functional was significantly improved in (Gruber et al. 2021).

❖ Based on observation that                                                             .

❖ Can minimize:

<latexit sha1_base64="4Yik7GP0nrd/YN1TzXethNG2SdM="></latexit>

y = x+ F(x)

<latexit sha1_base64="34+Oya5hm4+13Mwpwx4K2AGY160="></latexit>

k(f � h)0(z)k2? = khrf(x),hi(z)ik2

<latexit sha1_base64="rprKtk1Z2mwPtW2RqaHT2gBXEQg="></latexit>

L(h) =
1

|S|
X

s2S

k(f � h)0(zs)k2?,



Results on Toy Examples
❖ Large improvement over AS and original NLL 

❖ Domain:         .    Functions:  

❖ Sensitivity:  Magnitude of                     as percentage of total.

❖ Relative      error:                           (  is vector of samples) f

<latexit sha1_base64="kkeWzuvBdziKo+BuRfpz5ZFzOW8="></latexit>

f4(x) = sin
�
kxk2

�
, f5(x) =

20Y

i=1

1

1 + x2
i

.

<latexit sha1_base64="jFxXtIbhtvVlJjapeFFXqDnL0KM="></latexit>

(f � h)0(z)e1

<latexit sha1_base64="NIxo8aQIgREGDkGtynan3kFrQDo=">AAACIHicbVDLSsNAFJ1YH7W+Wl26CRbBhZSkiLosunFZwT4giWVmOmmHzkzCzEQpIR/hVnd+jTtxqV/jpM3Ctl64cDjnXs69B8WMKu0439ZaaX1jc6u8XdnZ3ds/qNYOuypKJCYdHLFI9hFUhFFBOppqRvqxJJAjRnpocpvrvSciFY3Eg57GJOBwJGhIMdSG6nnOuRs8ikG17jScWdmrwC1AHRTVHtSskj+McMKJ0JhBpTzXiXWQQqkpZiSr+IkiMcQTOCKegQJyooJ0dm9mnxpmaIeRNC20PWP/bqSQKzXlyExyqMdqWcvJ/zQv0eF1kFIRJ5oIPDcKE2bryM6ft4dUEqzZ1ACIJTW32ngMJcTaRLTggrj5QZBnHHEOxTD1Eco8N0j93BSFad3NsoqJzV0OaRV0mw33stG8v6i3booAy+AYnIAz4IIr0AJ3oA06AIMJeAGv4M16tz6sT+trPrpmFTtHYKGsn1+PBqHt</latexit>

[0, 1]n

<latexit sha1_base64="JxQGK1wFEJxCmU0BA/h0wwjdkWY=">AAACHHicbVDLSsNAFJ20Pmp9tbp0EwyCq5IUUZdFNy5cVLQPaGOZmU7aoTOTMDNRSsgnuNWdX+NO3Ar+jZM2C9t64cLhnHs59x4UMaq06/5YheLa+sZmaau8vbO7t1+pHrRVGEtMWjhkoewiqAijgrQ01Yx0I0kgR4x00OQ60ztPRCoaigc9jYjP4UjQgGKoDXV/+0gHFcetubOyV4GXAwfk1RxUrWJ/GOKYE6Exg0r1PDfSfgKlppiRtNyPFYkgnsAR6RkoICfKT2a3pvaJYYZ2EErTQtsz9u9GArlSU47MJId6rJa1jPxP68U6uPQTKqJYE4HnRkHMbB3a2eP2kEqCNZsaALGk5lYbj6GEWJt4FlwQNz8I8oxDzqEYJn2E0p7nJ/3MFAWJ46Vp2cTmLYe0Ctr1mndeq9+dOY2rPMASOALH4BR44AI0wA1oghbAYARewCt4s96tD+vT+pqPFqx85xAslPX9C0NpoMc=</latexit>

Li
<latexit sha1_base64="WvpxySqeWo1Zdog6+foBdPi/1YE="></latexit>

kf(x)� f(x̂)ki
kf(x)ki



Results on Toy Examples

❖ On a 40 
dimensional 
sine wave

A. Gruber, M. Gunzburger, L. Ju, Y. Teng, Z. Wang. 
Numer. Math. Theor. Meth. Appl. (2021)



Predicting Kinetic Energy

❖ Consider the 1-D parametrized  
inviscid Burger’s equation on [a,b], 
where                           ,                           .

❖ Total kinetic energy at time t  
and its derivatives: 
 

<latexit sha1_base64="E2/BClA8HCUj/RkyMDpKaxKgVwM="></latexit>

wt +
1

2

�
w2

�
x
= µ3e

µ2x,

w(a, t,µ) = µ1,

w(x, 0,µ) = 1,
<latexit sha1_base64="D+5fpF/BfLSo4eJhFqRUXWjXQ7E="></latexit>

µ = (µ1, µ2, µ3)
<latexit sha1_base64="oI+jvFUvak5zIaWx4i8Jx0OTmN0="></latexit>

w = w(x, t,µ)

<latexit sha1_base64="jzseGTWjVHlbz2sD/TKtg4y/0T8="></latexit>

K(t,µ) =
1

2

Z t

0

Z b

a
w(x, ⌧,µ)2 dx d⌧

<latexit sha1_base64="qOLl8T66CQ3EhlMkOEKvKLiJ2uk="></latexit>

rK(t,µ) = (Kt Kµ)
| =

 
1

2

Z b

a
w(x, t,µ)2 dx

Z t

0

Z b

a
w(x, ⌧,µ)wµ(x, ⌧,µ) dx d⌧

!|



Predicting Kinetic Energy

❖ Can compute 
gradients by solving 
sensitivity equations:

❖ Forward Euler with 
upwinding used to 
solve systems. 



Reduced Order Modeling:  Intrinsic

❖ High-fidelity PDE simulations are expensive.

❖ Consider a semi-discretization of the domain.

❖ Standard identification  creates a lot of dimensionality.

❖ Can we get good results without solving the full PDE?

❖ Standard is to encode -> solve -> decode.

❖ This way, PDE solving is low-dimensional.

u(x, t) =: u(x, t)



Linear Methods

❖ Most popular method (until recently) is proper orthogonal decomposition.

❖ Carry out PCA on solution snapshots ,  generate matrix .

❖ SVD:   .    First n cols of  (say ) are the reduced basis of POD 
modes.

❖ Instead of  ,  can then solve  .

{u(x, tj)}N
j=1 S

S = UΣV⊤ U A

·u = f(t, u) A ·û = f(t, Aû)



Linear Methods

❖ POD works well until the EWs of 
 decay slowly.

❖ Even many modes are not enough 
to reliably capture behavior.

❖ Can we do better than linear?

Σ

Lee, K. and Carlberg, K.  J. Comp. Phys. (2019)

Potential Copyright Issue



CNN Model Order Reduction
❖ Yes!  Kim and Carlberg (2019) used a convolutional neural network.

❖ Demonstrated greatly improved performance over POD.

❖ Architecture is autoencoder-decoder: 
 
 
 
 
 

Potential Copyright Issue



Disadvantage of CNN

❖ Recall:      

                       where   .

❖ Convolution  in 2-D:     
                                            

❖ Only well defined (in this form) for regular domains!

yℓ,i = σℓ

Cin

∑
j=1

y(ℓ−1),j ⋆ Wj
ℓ,i + bℓ,i , 1 ≤ i ≤ Cout

⋆
(x ⋆ W)α

β = ∑
γ,δ

x(sα+γ)
(sβ+δ) w(L−1−γ)

(M−1−δ),



Disadvantage of CNN
❖ How to use CNN on irregular data?

❖ Current strategy is to ignore the problem:

❖ inputs  padded with fake nodes and reshaped to a square.

❖ Convolution applied to square-ified input.

❖  reassembled at end.  Fake nodes ignored.

❖ Works surprisingly well!

❖ But, not very meaningful.

y

ỹ



Graph Convolutional Networks

❖ Huge amount of recent work extending convolution to graph 
domains.

❖   undirected graph with adj. matrix .

❖
 the degree matrix  .

❖ The Laplacian of :   .

❖ Columns of  are Fourier modes of .  

❖ Discrete FT/IFT:  simply multiply by .

𝒢 = (𝒱, ℰ) A ∈ ℝ|𝒱|×|𝒱|

D dii = ∑
j

aij

𝒢 L = D − A = UΛU⊤

U 𝒢

U⊤/U



GC Autoencoder Architecture
❖ GCN2 layers encode-

decode.

❖ Blue layers are fully 
connected.

❖ For ROM:  purple 
network simulates low-
dim dynamics.

❖ Split network idea due 
to (Fresca et al. 2020). skip connection

A. Gruber, M. Gunzburger, L. Ju, Z. Wang, (preprint) 



Experimental Details
❖ Want to compare performance of GCAE, CAE, FCAE for ROM applications.

❖ Evaluation based on two criteria:

❖ Pure reconstruction ability (compression problem).

❖ Ability to predict new solutions given parameters (prediction problem).

❖ Prediction loss used:   .

❖ Compression loss:   .

❖ Network trained using mini-batch descent with ADAM optimizer.

L(x, t, μ) = |x − g ∘ x̂ |2 + |h − x̂ |2

L(x, t, μ) = |x − g ∘ h |2



2-D Parameterized Heat Equation

• Consider 
  

and solve 
 

• Discretizing over (stretched) grid gives .

u = u(x, y, t, μ), U = [0,1] × [0,2], μ ∈ [0.05,0.5] × [π/2,π]

ut − Δu = 0 on U
u(0,y, t) = − 0.5
u(1,y, t) = μ1 cos(μ2y)
u(x, y,0) = 0

u = u(t, μ)



2-D Parameterized Heat Equation: Results

❖ Results shown for .

❖ GCNN has lowest error and 
least memory requirement 
(by >10x!)

❖ CNN is worst — cheap 
hacks have a cost.

n = 10



2-D Parameterized Heat Equation: Results



2-D Parameterized Heat Equation: Results



Unsteady Navier-Stokes Equations
❖ Consider the Schafer-Turek 

benchmark problem: 
 

 

❖ Impose 0 boundary conditions 
on  .  Do nothing on 

.  Parabolic inflow on .

·u − νΔu + ∇uu + ∇p = f,
∇ ⋅ u = 0,
u |t=0 = u0 .

Γ2, Γ4, Γ5
Γ3 Γ1



Navier-Stokes Equations: Results

❖

❖

❖ Reynolds 
number 
185. 

❖ FCNN 
best on 
prediction 
problem.

N = 10104

n = 32



Navier-Stokes Equations: Results



Navier-Stokes Equations: Results

❖ Compression

❖ GCNN 
matches 
FCNN in 
accuracy

❖ GCNN 
memory cost 
is >50x less 
than FCNN



Conclusions
❖ Nonlinear PDEs and the techniques for solving/approximating their solutions are 

practical, interesting, and highly creative.

❖ My work:

❖ Starts from theoretical questions or abstract problems.

❖ Proposes rigorous solutions validated by precise algorithms and simulations.

❖ Benefits from collaboration and a diverse array of expertise.

❖ Most projects have a history of receiving external funding.

❖ Can likely be continued.



Thank You!


